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Abstract
Properties of (skew-symmetric) conformal Yano–Killing tensors are reviewed.
Explicit forms of three symmetric conformal Killing tensors in Kerr spacetime
are obtained from the Yano–Killing tensor. The relation between spin-2 fields
and solutions to the Maxwell equations is used in the construction of a new con-
served quantity which is quadratic in terms of the Weyl tensor. The formula
obtained is similar to the functional obtained from the Bel–Robinson tensor and
is examined in Kerr spacetime. A new interpretation of the conserved quantity
obtained is proposed.
1 Introduction
According to [28] one can define, in terms of spacetime curvature, two kinds of con-
served quantities with the help of conformal Yano–Killing tensors (sometimes called
conformal Killing forms or twistor forms, see e.g. [30], [38], [39]). The first kind is
linear and the second quadratic with respect to the Weyl tensor but a basis for both
of them is the Maxwell field. Conserved quantities which are linear with respect to
CYK tensor were investigated many times (cf. [1], [21], [22], [25], [26], [28], [35], [36]).
On the other hand, quadratic charges are less known and have usually been examined
in terms of the Bel–Robinson tensor (see e.g. [6], [7], [12], [14]).
In [28] the following super-tensor was introduced
Tµναβγδ = 1
2
(WµσαβWν
σ
γδ +WµσγδWν
σ
αβ +W
∗
µσαβW
∗
ν
σ
γδ +W
∗
µσγδW
∗
ν
σ
αβ) , (1.1)
where Wµσαβ is a spin-2 field (Weyl tensor) and by “∗” we denote its dual W ∗µναβ :=
1
2
Wµνρσε
ρσ
αβ (cf. Section 3.2 below). The tensor T has the following algebraic prop-
erties:
Tµναβγδ = Tµνγδαβ = T(µν)[αβ][γδ] , Tµναβγδgµν = 0 , (1.2)
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which are simple consequences of the definition (1.1) and spin-2 field properties (cf.
Definition 4 below). A contraction of T gives the Bel–Robinson tensor:
T BRµναγ = g
βδTµναβγδ .
Moreover, in [28] the following properties
∇µTµναβγδ = 0 , Tµ[ναβ]γδ = 0 (1.3)
of the tensor T are shown. They enable one to formulate the following
Theorem 1. If P,Q are CYK tensors, X is a conformal vector field and T obeys the
properties (1.2) and (1.3) then
∇µ (TµναβγδXνP αβQγδ) = 0 .
The basis of Theorem 1 consists in the observation that the skew-symmetric tensor
Fµν := WµναβQ
αβ fulfils Maxwell’s equations.
We summarize some relationships by the following diagram:
CYK
tensor
Q





conformal
Killing
vector
K

spin-2
field
W
//_____
Maxwell
field
F
//
energy-
momentum
tensor
T
//
conserved
current
closed
two-form
F∗F
closed
three-form
two-surface
integral

three-surface
integral

electric & magnetic
charge
energy & momentum
on initial surface
Linear Bilinear
In electrodynamics the linear quantity corresponds to electric or magnetic charge
and the quadratic one expresses the energy, linear momentum or angular momentum
of the Maxwell field. In gravity both kinds of charges play a role of energy. The linear
conserved quantities (as two-surface integrals) correspond to ADM mass and linear
2
or angular momentum but bilinear ones are not obviously related to energy. They
rather play a role of energy estimates like in [12] (cf. [2]). In this paper we propose
an interpretation of our quadratic quantity.
We present examples of both kinds of conserved quantities for a stationary rotating
black hole described by Kerr spacetime. The linear charge measures (total) ADMmass
of black hole in a quasi-local way. On the other hand, the quadratic functional we
interpret as a rotational energy of the black hole which is not obvious. Moreover,
we derive new conformal (symmetric) Killing tensors which enable one to construct
additional constants of motion along null geodesics.
This paper is organized as follows: In the next Section we call some basic facts
about CYK two-forms in (pseudo-)Riemannian manifolds. Section 3 contains a small
review about CYK tensors and their applications in four-dimensional spacetime. In
Section 4 we specify our framework to the case of a stationary rotating black hole
described by the Kerr metric. Section 5 is devoted to the conserved quantities which
are quadratic in terms of the spin-2 field. One of these charges is applied in Section
6 to the description of rotational energy of the Kerr black hole. To clarify the ex-
position some of the technical results and proofs have been shifted to the appendix.
Moreover, in Appendix B we have placed one theorem about CYK tensors on compact
Riemannian manifolds.
2 A short course about CYK tensors
LetM be an n-dimensional (n > 1) manifold with a Riemannian or pseudo-Riemannian
metric gµν . The covariant derivative associated with the Levi–Civita connection will
be denoted by ∇ or just by “ ; ”. By T...(µν)... we will denote the symmetric part and
by T...[µν]... the skew-symmetric part of tensor T...µν... with respect to indices µ and ν
(analogous symbols will be used for more indices).
Let Qµν be a skew-symmetric tensor field (two-form) on M and let us denote by
Qλκσ a (three-index) tensor which is defined as follows:
Qλκσ(Q, g) := Qλκ;σ +Qσκ;λ − 2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
. (2.1)
The object Q has the following algebraic properties
Qλκµgλµ = 0 = Qλκµgλκ , Qλκµ = Qµκλ , (2.2)
i.e. it is traceless and partially symmetric.
Definition 1. A skew-symmetric tensor Qµν is a conformal Yano–Killing tensor (or
simply CYK tensor) for the metric g iff Qλκσ(Q, g) = 0.
In other words, Qµν is a conformal Yano–Killing tensor if it fulfils the following
equation:
Qλκ;σ +Qσκ;λ =
2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
(2.3)
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(first proposed by Tachibana and Kashiwada, cf. [42]).
A more abstract way with no indices of describing a CYK tensor can be found in
[4], [30], [38] or [39], where it is considered as the element of the kernel of the twistor
operator Q→ TwistQ defined1 as follows:
∀X TwistQ(X) := ∇XQ− 1
p + 1
Xy dQ+
1
n− p+ 1g(X) ∧ d
∗Q .
However, to simplify the exposition, we prefer abstract index notation which also
seems to be more popular.
Equation (2.3) may be transformed into the following equivalent form:
Qλ(κ;σ) −Qκ(λ;σ) + 3
n− 1gσ[λQκ]
δ
;δ = 0 (2.4)
and this is a generalization of the equation
Qλ(κ;σ) −Qκ(λ;σ) + ησ[λQκ]δ;δ = 0 , (2.5)
which appeared in [36] as the equation for skew-symmetric tensor fieldQµν in Minkowski
spacetime with the metric ηµν . We will show in the sequel that, as in [36], equa-
tion (2.3) enables one to use Qµν for defining conserved charges associated with the
Weyl tensor.
Using the following symbol:
ξµ := Q
ν
µ;ν , (2.6)
we can rewrite equation (2.3) in the form:
Qλκ;σ +Qσκ;λ =
2
n− 1
(
gσλξκ − gκ(λξσ)
)
. (2.7)
Let us notice that if ξµ = 0, then Qµν fulfils the equation:
Qλκ;σ +Qσκ;λ = 0 . (2.8)
Skew-symmetric tensors fulfiling equation (2.8) are called in the literature Yano ten-
sors (or Yano–Killing tensors; see [3], [18], [40], [44]). It is obvious that a two-form
Qµν is a Yano tensor iff Qµν;λ is totally skew-symmetric in all indices. So, if Qµν
fulfils (2.8), then ξµ = g
κλQκµ;λ = 0 (because g
κλ is symmetric in its indices). That
means that each Yano tensor is a conformal Yano–Killing tensor, but not the other
1Obviously TwistQ corresponds to tensor Q(Q, g) (in abstract index notation). Here X is a vector
field, Q is a p-form, g : TM → T ∗M is a Riemannian metric, d∗ denotes coderivative etc. Conformal
Killing p-forms are defined with the help of natural differential operators on Riemannian manifolds.
We know from the representation theory of the orthogonal group, that the space of p-form valued
one-forms (T ∗M
⊗∧p T ∗M) decomposes into the orthogonal and irreducible sum of forms of degree
p+ 1 (which gives the exterior differential d), the forms of degree p− 1 (defined by the coderivative
d∗) and the trace-free part of the partial symmetrization (the corresponding first order operator is
denoted by Twist).
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way around. The necessary and sufficient condition for a CYK tensor to be a Yano
tensor is the vanishing of ξµ.
CYK tensors are the conformal generalization of Yano tensors. More precisely, for
any positive function Ω on M the tensor Q transforms with respect to the conformal
rescaling as follows:
Qλκσ(Q, g) = Ω−3Qλκσ(Ω3Q,Ω2g) , (2.9)
which implies the following
Theorem 2. If Qµν is a CYK tensor for the metric gµν , then Ω
3Qµν is a CYK tensor
for the conformally rescaled metric Ω2gµν .
Proof of the formula (2.9) is given in Appendix A. The form of equation (2.8) does
not remain unchanged under conformal rescaling. But that equation is a particular
case of equation (2.3) whose form remains unchanged under such a transformation.
That means that if Q is a Yano tensor of the metric g, then although in general Ω3Q
is not a Yano tensor of the metric Ω2g, it is a CYK tensor. In this sense equation (2.3)
is a conformal generalization of equation (2.8).
2.1 The connection between CYK tensors and Killing tensors
It is a known fact that the “square” of a Yano tensor is a Killing tensor. It turns out
that in the same way CYK tensors are connected with conformal Killing tensors. In
the following definitions we will restrict ourselves to the Killing tensors and conformal
Killing tensors of rank 2, although one can consider tensors of any rank ([13], [40]).
Definition 2. A symmetric tensor Aµν is a Killing tensor iff it fulfils the equation:
A(µν;κ) = 0. (2.10)
Definition 3. A symmetric tensor Aµν is a conformal Killing tensor iff it fulfils the
equation:
A(µν;κ) = g(µνAκ) (2.11)
for a certain covector Aκ.
It is obvious that equation (2.10) is a particular case of (2.11). It is easy to see that
the covector Aκ is unambiguously determined by equation (2.11) (it can be shown e.g.
by contracting the equation with gµν). To be more precise:
Aκ =
1
n + 2
(2Aµκ;µ + A
µ
µ;κ).
From the above definitions one can easily see that a (conformal) Killing tensor is a
generalization of a (conformal) Killing vector (cf. [10], [24], [37], [41], [43]).
Obviously, if Qµν is a skew-symmetric tensor, then Aµν defined by the formula
Aµν = QµλQ
λ
ν (2.12)
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is a symmetric tensor. It turns out that if a skew-symmetric tensor Qµν fulfils equa-
tion (2.3) (it is a CYK tensor), then Aµν defined by (2.12) fulfils equation (2.11) with
Aκ =
2
n− 1Qκ
λQλ
δ
;δ (2.13)
(therefore – since Aµν is symmetric – it is a conformal Killing tensor). If Qµν is a
Yano tensor, then Aκ defined by formula (2.13) vanishes, thus Aµν (defined by (2.12))
is a Killing tensor. That enables one to formulate the following (cf. Prop. 5.1. in [18]
or 35.44 in [40])
Theorem 3. If Qµν and Pµν are (conformal) Yano–Killing tensors, then the sym-
metrized product Aµν := Qλ(µPν)
λ is a (conformal) Killing tensor.
Proof. Let Qµν and Pµν be conformal Yano-Killing tensors. We have then
Qκλ;σ +Qσλ;κ =
2
n− 1
(
gσκξλ − gλ(κξσ)
)
and
Pκλ;σ + Pσλ;κ =
2
n− 1
(
gσκζλ − gλ(κζσ)
)
,
where ξµ = Q
ν
µ;ν and ζµ = P
ν
µ;ν . Contracting the first of the above equations with
Pν
λ, we get
Qκλ;σPν
λ +Qσλ;κPν
λ =
2
n− 1
(
gσκξλPν
λ − 1
2
Pνκξσ − 1
2
Pνσξκ
)
.
Symmetrizing this equation in κ, σ and ν, we get (since P is skew-symmetric)
Qλ(κ;σPν)
λ = − 1
n− 1g(κσPν)
λξλ.
Analogously we get
Qλ(κPν
λ
;σ) = − 1
n− 1g(κσQν)
λζλ.
Finally, if Aκν := Qλ(κPν)
λ, then
A(κν;σ) =
(
Qλ(κPν
λ
)
;σ) = Qλ(κ;σPν)
λ +Qλ(κPν
λ
;σ)
= − 1
n− 1
(
g(κσPν)
λξλ + g(κσQν)
λζλ
)
= g(κνAσ),
where
Aν :=
1
n− 1
(
P λνξλ +Q
λ
νζλ
)
.
This means that Aκν is a conformal Killing tensor. If now Q and P are Yano tensors,
then ξµ = ζµ = 0, which implies Aµ = 0. In that case Aκν is a Killing tensor.
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2.2 The connection between CYK tensors and Killing vectors
Let us denote by Rσκλµ the Riemann tensor describing the curvature of the manifold
(M, g). We use now an integrability condition
2Qλκ;νµ =
2
n− 1
(
gλµξκ;ν + gνλξκ;µ − gµνξκ;λ − gκ(λξµ);ν + gκ(µξν);λ − gκ(νξλ);µ
)
+QσλR
σ
κµν +QσµR
σ
κλν +QσνR
σ
κλµ + 2QσκR
σ
µνλ , (2.14)
which we prove in Appendix B.
A contraction in indices κ and ν gives us:
gµλξ
σ
;σ + (n− 2)ξ(µ;λ) = (n− 1)Rσ(µQλ)σ , (2.15)
where by Rµν we denote the Ricci tensor of the metric gµν . Taking the trace of (2.15)
we obtain:
(2n− 2)ξσ;σ = (n− 1)RσµQµσ = 0 ,
where the last equality results from the fact that Rσµ is a symmetric tensor and Q
µσ
is a skew-symmetric one. Therefore, we have ξσ ;σ = 0 which, for n > 2, implies
ξ(µ;λ) =
n− 1
n− 2Rσ(µQλ)
σ. (2.16)
If M is an Einstein manifold, i.e. its Ricci tensor Rµν is proportional to its metric
gµν , then using equation (2.16) we obtain
ξ(µ;ν) = −n− 1
n− 2λgσ(µQν)
σ = −n− 1
n− 2λQ(νµ) = 0.
Here Rµν = −λgµν and by λ we denote a cosmological constant. The condition
ξ(µ;λ) = 0 means that ξ
µ is a Killing vector field of the metric gµν . That enables one
to formulate the following
Theorem 4. If gµν is a solution of the vacuum Einstein equations with cosmological
constant and Qµν is its CYK tensor, then ξ
µ = ∇νQνµ is a Killing vector field of the
metric gµν.
Let us notice that this fact reduces the number of Einstein metrics possessing a
nontrivial CYK tensor. The existence of a solution of equation (2.3) which is not a
Yano tensor implies that our manifold M has at least one symmetry. In the case of a
Yano tensor that does not have to be true.
3 CYK tensors in four dimensions
In the following Section we restrict ourselves to an oriented manifold M with dimen-
sion n = 4. It turns out that in this case conformal Yano–Killing tensors possess some
additional properties.
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3.1 Hodge duality
In the space of differential forms of an oriented manifold one can define a mapping
called a Hodge duality (Hodge star). It assigns to every p–form a (n− p)–form (n is
the dimension of the manifold). We consider the case of n = 4 and p = 2. The Hodge
star then becomes a mapping which assigns to a two-form ω a two-form ∗ω. Using
coordinates we can express this mapping in the following way:
∗ωαβ := 1
2
εαβ
µνωµν , (3.1)
where εαβµν is the skew-symmetric Levi–Civita tensor
2 determining the orientation
of the manifold ( 1
4!
εαβµν dx
α ∧ dxβ ∧ dxµ ∧ dxν is the volume form of the manifold
M). For Riemannian metrics (with the positive signature) we have ∗ ∗ ω = ω while
for Lorentzian metrics the negative sign appears ∗ ∗ ω = −ω (we keep assuming that
ω is a two-form defined on a four-dimensional manifold M). The last equality shows
that in the Lorentzian case we cannot have ∗ω = ±ω, whereas for positive metrics it
is possible. If ∗ω = ω (∗ω = −ω), we say that ω is selfdual (anti-selfdual).
Due to a CYK tensor being a two-form, it is reasonable to ask what are the
properties of its dual. Let Q be a conformal Yano–Killing tensor and ∗Q its dual.
Moreover, similarly to ξµ = ∇νQνµ (cf. (2.6)) let us introduce the following covector
χµ := ∇ν ∗Qνµ . (3.2)
Contracting (3.2) with 1
2
εαβ
λκ we obtain
∇σ ∗Qαβ = 2
3
gσ[αχβ] +
1
3
εαβσκξ
κ . (3.3)
If we multiply equation (3.3) by 1
2
εµν
αβ , we obtain the analogous equality:
Qµν;σ =
2
3
gσ[µξν] ± 1
3
εµνσβχ
β . (3.4)
The plus sign in equation (3.4) refers to metrics with the positive determinant and
the minus sign refers to metrics with the negative one.
If we symmetrize equation (3.3) in indices α and σ, we receive the following equal-
ity:
∗Qαβ;σ + ∗Qσβ;α = 2
3
(
gσαχβ − gβ(αχσ)
)
. (3.5)
It is not hard to recognize that this is equation (2.3) for the tensor ∗Q. It proves the
following
2It can be defined by the formula εαβµν =
√
| det g|ǫαβµν , where
ǫαβµν =


+1 if αβµν is an even permutation of 0, 1, 2, 3
−1 if αβµν is an odd permutation of 0, 1, 2, 3
0 in any other case
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Theorem 5. Let gµν be a metric of a four-dimensional differential manifold M . A
skew-symmetric tensor Qµν is a CYK tensor of the metric gµν iff its dual ∗Qµν is a
CYK tensor of this metric.
The above theorem implies that for every four-dimensional manifold solutions of
equation (2.3) appear in pairs – to each solution we can assign the solution dual to it
(in the Hodge duality sense). Now we can observe that equation (3.4) is equation (3.3),
in which Q was replaced by ∗Q (± in equation (3.4) reflects the fact that ∗∗Q = ±Q).
Theorems 4 and 5 imply that an Einstein metric for which there exists a solution
of equation (2.3) has in general two symmetries. However, it does not have to be so if
at least one of the fields ξµ or χµ is equal to zero (i.e. at least one of the CYK tensors
is a Yano tensor) or if those fields are not linearly independent (χµ = c ξµ, c = const.).
3.2 Spin-2 field
In order to be able to use conformal Yano–Killing tensors for the construction of
charges in general relativity we have to introduce the notion of a spin-2 field. For the
purpose of this paper we introduce the following definition.
Definition 4. The tensor fieldWαβµν is called a spin-2 field iff the following equations
are fulfiled:
Wαβµν = Wµναβ = W[αβ][µν],
Wα[βµν] = 0, g
αµWαβµν = 0 (3.6)
and
∇[λWµν]αβ = 0. (3.7)
According to the above definition the spin-2 field is any Riemann tensor of a
vacuum metric (i.e. Ricci flat metric), as well as any Weyl tensor of linearized Einstein
theory. Equations (3.7) (which in the case ofWµναβ being a Riemann tensor are simply
Bianchi identities) can be treated as the field equations for Wµναβ .
Wµναβ is skew-symmetric both in the first and the second pair of indices and to
both of them the Hodge star can be applied. We denote
∗Wµναβ =
1
2
εµν
ρσWρσαβ , W
∗
µναβ =
1
2
Wµνρσε
ρσ
αβ .
One can show that
∗W = W ∗, ∗(∗W ) = ∗W ∗ = ±W.
The “+” sign in the above equation refers to (positive) Riemannian metrics and the
“−” sign refers to Lorentzian metrics. One can also show that if W is a spin-2 field,
then ∗W (and consequently W ∗) is a spin-2 field as well. If we assume that W fulfils
equations (3.6), then the following equivalences are satisfied:
∇[λWµν]αβ = 0 ⇐⇒ ∇µWµναβ = 0 ⇐⇒
⇐⇒ ∇[λ∗Wµν]αβ = 0 ⇐⇒ ∇µ∗Wµναβ = 0 . (3.8)
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3.3 The relation between CYK tensors and spin-2 fields
Let Wµναβ be a spin-2 field and Qµν be any skew-symmetric tensor. Let us denote by
F the following two-form
Fµν(W,Q) := WµνλκQ
λκ. (3.9)
The following formula is satisfied:
∇νF µν(W,Q) = 2
3
W µναβQαβν(Q, g) (3.10)
which may be argued as follows:
Proof. Let us notice firstly that due to Wµναβ being traceless we have:
W µναβQαβν = W µναβ(Qαβ;ν +Qνβ;α) = (W µναβ +W µανβ)Qαβ;ν
= (W µναβ +
1
2
W µανβ − 1
2
W µβνα)Qαβ;ν
=
3
2
W µναβQαβ;ν , (3.11)
where we have used the fact that Qαβ;ν is skew-symmetric in indices α and β and
W µ[ναβ] = 0. Using the above formula (3.11) and properties (3.8) of a spin-2 field
Wµναβ we obtain the final result
∇νF µν(W,Q) = ∇ν
(
W µναβQαβ
)
= (∇νW µναβ)Qαβ +W µναβ(∇νQαβ)
=
2
3
W µναβQαβν .
Definition 1 means that Qαβν(Q, g) = 0, hence for a CYK tensor Qµν we have
∇νF µν(W,Q) = 0 . (3.12)
Let V be a three-volume and ∂V its boundary. Formula (3.12) implies3∫
∂V
F µν(W,Q) dσµν =
∫
V
∇νF µν(W,Q) dΣµ = 0 ,
which means that the flux of F µν through any two-dimensional closed surfaces S1 and
S2 is the same as long as we are able to find a three-volume V between them (i.e.
there exists V such that ∂V = S1 ∪ S2). In this sense Qµν defines a charge related to
the spin-2 field4 W .
We shall prove now the following
3Symbols dσµν and dΣµ can be defined in the following way: if Ω stands for the volume form of
the manifold M , then dσµν := (∂µ ∧ ∂ν)yΩ, dΣµ := ∂µyΩ.
4Equation (3.10) can be also used to define asymptotic charges of an asymptotically flat space. Let
St be the family of closed two-dimensional surfaces going to spatial infinity with t→∞. The formula
limt→∞
∫
St
Fµν(Q, g) dσµν defines a quantity (an asymptotic charge) which does not depend on the
choice of the family St as long as Qµνρ(Q, g) goes to zero in spatial infinity fast enough (see [22],
[25], [28]).
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Theorem 6. Let W be a spin-2 field and Q be a conformal Yano–Killing tensor,
then a skew-symmetric tensor Fµν defined by the formula (3.9) satisfies the vacuum
Maxwell equations, i.e.
∇λF µλ = 0 = ∇λ ∗F µλ , (3.13)
where ∗F µλ = 1
2
εµλρσF
ρσ.
Proof. The first of equations (3.13) is simply equation (3.10) (since Qαβν(Q, g) = 0 for
Q being a CYK tensor). The second equation is a simple consequence of the fact that
∗F (W,Q) = F (∗W,Q) = F (W ∗, Q) = F (W, ∗Q) and that ∗Q is a CYK tensor.
Theorem 6 implies that a charge defined by the surface integral
∫
S
F µν dσµν is
the “electromagnetic” charge of the field F µν . More precisely, due to the Levi–Civita
connection being torsionless, we have
∇[λFκρ] = ∂[λFκρ] .
Moreover,
0 = ∇λ ∗F µλ = ∇λ(1
2
εµλκρFκρ) =
1
2
εµλκρFκρ;λ =
1
2
εµλκρFκρ,λ . (3.14)
Multiplying the above equality by εµαβγ we get F[αβ,γ] = 0, which simply means that
dF = 0. The formula (3.14) obviously implies that if dF = 0, then ∇λ ∗F µλ = 0.
This means that the equalities (3.13) are equivalent to the following equations:
dF = 0 = d ∗F . (3.15)
3.4 CYK tensors in Minkowski spacetime
Let M be the Minkowski space and (xµ) Cartesian coordinates on M . We have then
gµν = ηµν := diag(−1, 1, 1, 1). Taking into account that the Riemann tensor of the
metric ηµν vanishes and, in coordinates x
µ, covariant derivative is the same as ordinary
derivative (we change ,, ; ” into ,, , ”), equation (B.4) takes the following form:
Qλκ,νµ =
1
3
(
ηλµξκ,ν + ηνλξκ,µ − ηµνξκ,λ − ηκ(λξµ),ν + ηκ(µξν),λ − ηκ(νξλ),µ
)
, (3.16)
where Qµν is a CYK tensor onM and ξ
ν = ∂µQ
µν . According to Theorem 4, vanishing
of the Ricci tensor implies that ξµ is a Killing vector of the metric ηµν . It is well known
that in the Minkowski spacetime the space of Killing fields is spanned by the fields
Tµ := ∂
∂xµ
, Lµν := xµ ∂
∂xν
− xν ∂
∂xµ
(3.17)
(where xµ = ηµνx
ν). It means that components of the vector ξµ in coordinates (xµ) are
polynomials of degree one in variables xµ. Equation (3.16) implies that coordinates
of the tensor Qµν also have to be polynomials of degree at most two. We have then
Qµν = Q
(0)
µν +Q
(1)
µν + Q
(2)
µν , where Q
(i)
µν is a monomial of degree i. If we use this
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decomposition in equation (2.3), it becomes obvious that each tensor Q(i)µν has to
fulfil it separately. Let us see what conditions it imposes on those monomials.
First, it is easy to see that every constant skew-symmetric tensor fulfils equa-
tion (2.3) and therefore Q(0)µν stays undetermined. Let us focus then on Q
(1)
µν . We
can write Q(1)µν = Aµνσx
σ, where Aµνσ is a certain constant tensor (skew-symmetric
in indices µ and ν). Q(1)µν is linear in x
µ and therefore ξ(1)ν := Q(1)µν ,µ cannot
depend on xµ. We have then ξ(1)µ = uµ, where uµ denotes a certain constant vec-
tor. The equation Q(1)µν ,µ = u
ν reduces to ηµσAµνσ = uν . Decomposing Aµνσ as
Aµνσ =
2
3
ησ[µuν] + Bµνσ we get Bµνσ = B[µν]σ and η
µσBµνσ = 0. Simple calculation
shows that Q(1
′)
µν :=
2
3
ησ[µuν]x
σ = 2
3
x[µuν] satisfies equation (2.3), which means that
tensor Q(1
′′)
µν := Bµνσx
σ also satisfies it. Yet Q(1
′′)µν
,µ := η
µσBµνσ = 0, which means
that Q(1
′′)
µν,σ + Q
(1′′)
σν,µ = Bµνσ + Bσνµ = 0. The last equation is equivalent to the
statement that Bµνσ = B[µνσ]. Since Q
(1′′)
µν is a CYK tensor linear in x
µ, ∗Q(1′′)µν also
has this property, and what follows ∗Q(1′′)µν,µ = vν for a certain constant vector vν .
The last equation can be written as 1
2
εσρµνBµνσ = v
ρ. Multiplying it by εραβγ we get
εραβγv
ρ = 1
2
δσµναβγBµνσ = 3B[αβγ] = 3Bαβγ . Therefore Q
(1′′)
µν =
1
3
εµνρσv
ρxσ. Finally
Q(1)µν =
2
3
x[µuν] +
1
3
εµνρσv
ρxσ, where uµ and vµ are any constant vectors. It is easy
to check that every tensor of this form fulfils equation (2.3).
The last thing is computing Q(2)µν . We observe first that the components of the
vector ξ(2)ν := Q(2)µν,µ in the coordinates (x
µ) are monomials of degree one in variables
xµ. All Killing fields with this property have the form kµνLµν = kµν(xµ∂ν − xν∂µ) =
2kµ
νxµ∂ν , where k
µν is a certain constant skew-symmetric tensor. Then let kµν be such
that ξ(2)µ = kµνx
ν . Q(2)µν can be always written in the form Q
(2)
µν =
1
2
Cµναβ x
αxβ ,
where Cµναβ is a certain constant tensor such that Cµναβ = C[µν](αβ). It is easy to
compute that Q(2)µν,σ = Cµνσβx
β , and it follows that ξ(2)ν = η
µαCµναβ x
β = kνβ x
β .
Due to the freedom of choice of xβ we can write ηµαCµναβ = kνβ. Let us try to
decompose Cµναβ in a similar way as before: as the sum of ”trace” and ”traceless”
parts. Let
Cµναβ = aηα[µkν]β + aηβ[µkν]α + bkµνηαβ +Dµναβ , (3.18)
where a and b are constants, which we may choose freely, and Dµναβ is a certain
constant tensor. The above formula and the properties of Cµναβ imply that Dµναβ =
D[µν](αβ). We also have
kνβ = η
µαCµναβ = (2a− b)kνβ + ηµαDµναβ .
Choosing a and b such that 2a − b = 1, we get ηµαDµναβ = 0. If we use the formula
Q(2)µν =
1
2
Cµναβ x
αxβ in equation (2.3) then (after using the decomposition (3.18) and
ordering of terms) we obtain:
Dµναβ+Dανµβ =
(
2
3
− a
)(
ηµαkνβ − 1
2
ηναkµβ − 1
2
ηµνkαβ − 3
2
ηβµkνα − 3
2
ηαβkνµ
)
.
It is easily seen that if we assume a = 2
3
(which means b = 2a−1 = 1
3
), then Dµναβ has
to satisfy the equation Dµναβ = −Dανµβ . Taking into account that Dµναβ = D[µν](αβ),
we get:
Dµναβ = −Dανµβ = Dναβµ = −Dβανµ = Dαβµν .
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But that means that Dµναβ is at the same time symmetric and skew-symmetric in
indices α and β (and in µ and ν as well), and therefore is identically equal to zero.
Finally, we get that
Q(2)µν =
(
1
3
ηα[µkν]β +
1
3
ηβ[µkν]α +
1
6
kµνηαβ
)
xαxβ
=
2
3
x[µkν]βx
β +
1
6
kµνxβx
β .
Summarizing the above considerations, we can write the general form of a solution
of equation (2.3) in Minkowski spacetime:
Qµν = qµν +
2
3
x[µuν] +
1
3
εµνκλv
κxλ +
2
3
x[µkν]λxλ +
1
6
kµνxλx
λ , (3.19)
where qµν and kµν are any constant skew-symmetric tensors, and uµ and vµ are any
constant vectors. ξν = Qµν ,µ for Q
µν given by formula (3.19) is equal to ξµ = uµ +
kµνxν . Obviously each tensor q
µν and kµν has six independent components, and each
vector uµ and vµ has four independent components, which means that the space of
solutions of equation (2.3) in Minkowski spacetime is twenty-dimensional5.
Let us denote by D a dilation vector field:
D := xµ ∂
∂xµ
, (3.20)
which is involved together with Killing fields Tµ and Lµν (cf. (3.17)) in the following
commutation relations:
[Tµ,D] = Tµ, [D,Lαβ] = 0,
[Tµ, Tν ] = 0, [Tµ,Lαβ] = ηµαTβ − ηµβTα,
[Lµν ,Lαβ] = ηµαLβν − ηµβLαν + ηναLµβ − ηνβLµα.
Obviously Tµ and Lµν are generators of the Poincare´ group. After adding D, we get a
set of generators of the pseudo-similarity group (Poincare´ group extended by scaling
transformation generated by D). Formula (3.19) implies that the following tensors
(for µ < ν) form a basis in the space of solutions of equation (2.5):
Tµ ∧ Tν , D ∧ Tµ , ∗(D ∧ Tµ) , D ∧ Lµν − 1
2
η(D,D)Tµ ∧ Tν . (3.21)
Ten of the above CYK tensors, namely Tµ ∧ Tν and ∗(D ∧ Tµ), are Yano tensors.
5This is the maximal number of solutions which is achieved by any conformally flat manifold.
In general, for the CYK p–forms in an n–dimensional Riemannian manifold M this number equals(
n+ 2
p+ 1
)
. Moreover, if a manifold M admits the maximal possible number of linear independent
conformal Yano–Killing p-forms, then it is conformally flat.
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Using the basis (3.21) we can represent any CYK tensor in Minkowski spacetime
as follows:
Q = q˜µνTµ ∧ Tν + u˜µD ∧ Tµ + v˜µ ∗(D ∧ Tµ) + k˜µν(D ∧Lµν − 1
2
η(D,D)Tµ ∧ Tν) ,
where q˜µν and k˜µν are certain constant skew-symmetric tensors, whereas u˜µ and v˜µ
are certain constant vectors.
Let W be a spin-2 field in Minkowski spacetime. We already know that every
CYK tensor defines a certain conserved quantity related to the field W . Let us write
out the charges given by tensors (3.21). We have:
wµν :=
1
16pi
∫
∂Σ
W (Tµ ∧ Tν), (3.22)
pµ :=
1
16pi
∫
∂Σ
W (D ∧ Tµ), (3.23)
bµ :=
1
16pi
∫
∂Σ
∗W (D ∧ Tµ), (3.24)
jµν :=
1
16pi
∫
∂Σ
W
(
D ∧ Lµν − 1
2
η(D,D)Tµ ∧ Tν
)
, (3.25)
where the notation W (A ∧ B) is to be understood as W µναβAαBβ dσµν . The factor
1
16pi
was introduced for normalization.
When W is the Weyl tensor of the linearized Einstein theory, pµ turns out to be
its momentum, bµ — its dual momentum, and jµν — its angular momentum tensor
6
(see [25]). In general, there might also be non-vanishing charges wµν . However, if we
assume that W = O( 1
r3
) (which is a typical situation), then wµν = 0. In this case
there are only 14 nontrivial charges but we do not know any local (i.e. using only field
equation) argument for this being a general rule. It turns out that vanishing of wµν is
necessary for defining angular momentum of the field at future null infinity (see [22],
[28]).
We do not have to restrict ourselves in the above considerations only to the case
of Minkowski spacetime. All that what was written above can be easily adapted to
the case of asymptotically flat spacetime. By asymptotically flat spacetime we mean
a manifold M with a metric g and a set of coordinates (xµ) such that components of
g satisfy the following conditions:
gµν − ηµν = O
(
1
r
)
, gµν,κ = O
(
1
r2
)
, (3.26)
6These identifications justify the use of the normalizing factor 1
16pi
.
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where r :=
(∑3
k=1(x
k)2
) 1
2 , and ηµν = diag(−1, 1, 1, 1). The coordinates (xµ) do not
have to be global coordinates on M . It is sufficient for them to be defined for r
greater than some r0 (that means that each set of four numbers (x
0, x1, x2, x3), for
which r > r0, defines some point of M).
Now, let W be a spin-2 field defined on M . If the metric admits solutions of equa-
tion (2.3), which for r going to infinity go to tensor D∧Tµ, then we say that pµ defined
by the formula (3.23) defines the µ component of the momentum of the field W . Sim-
ilarly, we can define dual momentum and angular momentum of the field W , provided
that the metric gµν admits CYK tensors with appropriate asymptotic behavior at
spatial infinity.
4 CYK tensor and related objects in Kerr space-
time
The Kerr solution to the vacuum Einstein equations is the metric g which in a certain
coordinate system (t, r, θ, φ) has the form:
g = gtt dt
2 + 2gtφ dt dφ+ grr dr
2 + gθθ dθ
2 + gφφ dφ
2 , (4.1)
where
gtt = −1 + 2mr
ρ2
, gtφ = −2mra sin
2 θ
ρ2
, grr =
ρ2
△ , gθθ = ρ
2,
gφφ = sin
2 θ
(
r2 + a2 +
2mra2 sin2 θ
ρ2
)
, (4.2)
with
ρ2 = r2 + a2 cos2 θ and △ = r2 − 2mr + a2. (4.3)
This metric describes a rotating black hole of massm and angular momentum J = am.
The advantage of the above coordinates (called Boyer–Lindquist coordinates) is that
for r much greater than m and a
g ≈ − dt2 + dr2 + r2 dθ2 + r2 sin2 θ dφ2,
which shows that g approximates the flat metric for r going to infinity. It is not hard
to see that equations (3.26) are satisfied, which means that g is an asymptotically
flat metric. However, for r equal to r± := m ±
√
m2 − a2 the component grr is
singular (due to ∆(r = r±) = 0). A much better coordinate system for describing the
Kerr metric near the surfaces r = r± is Eddington–Finkelstein coordinates: (v, r, θ, φ˜),
where r and θ are the same as before whereas v and φ˜ are related to Boyer–Lindquist
coordinates via the following formulae:
dv = dt+
r2 + a2
∆
dr, dφ˜ = dφ+
a
∆
dr.
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In Eddington-Finkelstein coordinates g has the form:
g = g˜vv dv
2 + 2g˜vφ˜ dv dφ˜+ 2g˜rφ˜ dr dφ˜+ 2g˜rv dr dv + g˜θθ dθ
2 + g˜φ˜φ˜ dφ˜
2,
where
g˜vv = gtt, g˜vφ˜ = gtφ, g˜rφ˜ = −a sin2 θ,
g˜rv = 1, g˜φ˜φ˜ = gφφ, g˜θθ = gθθ.
It can be easily seen that now singularities are absent. Nevertheless, in our consider-
ations we will mostly use Boyer–Lindquist coordinates.
A natural question arises: what are the solutions of equation (2.3) for a rotating
black hole described by the Kerr metric? Finding the form of the general CYK tensor
in Minkowski spacetime turned out to be quite an easy task, but now the situation is
not so simple, as we are dealing with quite a complicated overdetermined system of
differential equations for components Qµν . However, there is known in the literature
(see [19], [34], [41]) one solution7
Y := QKerr = r sin θ dθ∧
[(
r2 + a2
)
dφ− a dt]+a cos θ dr∧( dt− a sin2 θ dφ) . (4.4)
Strictly speaking, it is a solution8 of equation (2.8) (i.e. Yano tensor), which – as we
know – is a special case of equation (2.3). It means that ξµ := Y νµ;ν = 0.
Since the Kerr metric is asymptotically flat, Yµν in the neighborhood of spatial
infinity should be of the form (3.19). Indeed, asymptotically this tensor looks as
follows:
Y = r3 sin θ dθ ∧ dφ+O (1) = ∗(T0 ∧ D) +O (1) .
From (3.24) we see that a charge related to Yµν is simply −b0 = b0, which represents
dual energy. The Riemann tensor Rµνρσ of (Ricci flat) Kerr spacetime is simultane-
ously a Weyl tensor and fulfils properties from Definition 4 of a spin-2 field. Hence
we obtain:
F (R, Y ) =
4ma sin θ (r2 − a2 cos2 θ)
ρ4
dt ∧ dθ + 8mar cos θ
ρ4
dt ∧ dr
+
4m sin θ (r2 + a2) (r2 − a2 cos2 θ)
ρ4
dθ ∧ dφ
+
8ma2r cos θ sin2 θ
ρ4
dr ∧ dφ , (4.5)
where according to (3.9) Fµν(R, Y ) := RµνλκY
λκ. We have used symbolic software
like Mathematica and Waterloo Maple to check the result (4.5).
7According to [24] this is also valid for the charged Kerr solution. Penrose and Walker suggest in
[41] than it may be even generalized to the case with cosmological constant. For example, it would
be nice to check explicitly existence of CYK tensor for Kerr-Newman-AdS black hole.
8To avoid confusion we denote this particular solution by Y .
16
Direct integration of F (R, Y ) on a sphere r = const. and t = const. gives
1
16pi
∫
S
F µν(R, Y ) dσµν = 0 ,
which means that the dual energy of the Kerr black hole vanishes.
Theorem 5 implies that the dual tensor:
∗Y = a cos θ sin θ dθ ∧ [(r2 + a2) dφ− a dt]+ r dr ∧ (a sin2 θ dφ− dt) (4.6)
is also a CYK tensor in Kerr spacetime. The two-form ∗Y is closed 9 (i.e. d∗Y = 0).
On the other hand, dY = 3ρ2 sin θ dθ ∧ dφ ∧ dr = 3∂tyΩ = 3 dΣt (where Ω =
ρ2 sin θ dt ∧ dθ ∧ dφ ∧ dr is a volume form) and a vector field χ = ∗Y µν ;µ∂ν = 3∂t
is not vanishing. This implies that ∗Y is a Killing potential which satisfies the CYK
equation (cf. [20]).
The asymptotics of tensor ∗Y look as follows:
∗Y = r∂r ∧ ∂t +O
(
1
r
)
= D ∧ T0 +O
(
1
r
)
.
From (3.23) we obtain that the charge related to ∗Y is p0 and corresponds to the
energy. We have:
F (R, ∗Y ) = 8ma
2r sin θ cos θ
ρ4
dθ ∧ dt+ 4m(r
2 − a2 cos2 θ)
ρ4
dt ∧ dr
+
8mar sin θ cos θ(r2 + a2)
ρ4
dφ ∧ dθ
+
4ma sin2 θ(r2 − a2 cos2 θ)
ρ4
dr ∧ dφ . (4.7)
Integration over a sphere r = const. and t = const. gives
1
16pi
∫
S
∗F µν(R, Y ) dσµν = −m, (4.8)
which means that the total energy (mass) of the Kerr black hole equals m. Formula
(4.8) expresses mass of a rotating black hole quasi-locally.
Let us denote by A and A′ the potentials of the closed two-forms F (R, Y ) and
F (R, ∗Y ) respectively (cf. 3.15)), i.e. F (R, Y ) = dA and F (R, ∗Y ) = dA′. In
Boyer–Lindquist coordinates they look as follows
A =
4ma cos θ
ρ2
dt− 4m cos θ (r
2 + a2)
ρ2
dφ, (4.9)
A′ =
(
4mr
ρ2
− 2
)
dt− 4mar sin
2 θ
ρ2
dφ. (4.10)
9Y is a Killing-Yano tensor and corresponding covector ξ vanishes.
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The one-forms A and A′ are always well defined locally. It turns out that potential A′
is global, but A is well defined except at θ = 0 and θ = pi. Formulae (4.9)–(4.10) are
obviously not unique, the potentials A and A′ are given up to the gauge A→ A+ df
and A′ → A′+df ′, where f and f ′ are arbitrary functions. We would like to stress that
A is essentially singular, i.e. all potentials for F (R, Y ) have the same singularity10.
The result is not surprising because the two-form −F (R, ∗Y ) describes the “electric”
charge m hidden under horizon. Its dual two-form F (R, Y ) describes the “magnetic”
charge and corresponds to a Dirac monopole. This explains why potential A is not
global.
Passing from covectors A and A′ to vector fields we obtain
g−1(A) = −4ma cos θ
ρ2
∂t − 4m cos θ
ρ2 sin2θ
∂φ (4.11)
and
g−1(A′) = 2∂t. (4.12)
In particular, g−1(A′) is a Killing vector field which implies that F (R, ∗Y ) is a Papa-
petrou field11.
The Kerr metric is a special case of the electrovac Kerr–Newman metric12 de-
scribing a rotating black hole with electric charge q. It turns out that the two-form
F (R, ∗Y ) (given by (4.7)) is related to the Maxwell field FK-N describing electromag-
netic field in Kerr–Newman spacetime. More precisely, both fields have the same
form up to the exchange of constants q and −4m. For the Kerr–Newman solution the
corresponding electromagnetic tensor FK-N has the following property:
F (W, ∗Y ) = − lim
q→0
4m
q
FK-N .
Finishing this Section let us pass to Eddington–Finkelstein coordinates. Formu-
lae (4.4)–(4.7) and (4.11)–(4.12) take a similar form which corresponds to the change
of the names of coordinates from t to v and φ to φ˜ respectively. We have
Y = r sin θ dθ ∧
[(
r2 + a2
)
dφ˜− a dv
]
+ a cos θ dr ∧
(
dv − a sin2 θ dφ˜
)
,
10Let us denote by B a gauge equivalent potential to A i.e. B = A + df . Integrating A and B
along a curve t = const., r = const., θ = const., 0 < φ < 2π we obtain the same result because
the function f has to be periodic, f(φ = 2π) − f(φ = 0) = 0. For regular B in the limit θ → 0 or
θ → π our curve goes to a point and the corresponding integral has to vanish. On the other hand,
integrating A we obtain 8πm cos θ
(
r2 + a2
)
/ρ2, which converges to 8πm
(
r2 + a2
)
/ρ2 for θ → 0 or
θ → π.
11Papapetrou (cf. [15], [31]) pointed out that if K is a Killing vector field for metric g then
F := d (g(K)) fulfils the Maxwell equations with current jµ := RµνK
ν , where Rµν is Ricci tensor.
In particular, for Ricci flat metric g the two-form F is a solution to vacuum Maxwell equations.
12In Boyer–Lindquist coordinates we have
gK-N = −∆
ρ2
(
dt− a sin2 θ dφ)2 + sin2 θ
ρ2
(
(r2 + a2) dφ− a dt)2 + ρ2
∆
dr2 + ρ2 dθ2,
where ∆ = r2 − 2mr + a2 + q2 and ρ2 = r2 + a2 cos2 θ. Moreover, the vector potential AK-N =
qr
(
dt− a sin2 θ dφ) /ρ2 is associated with the electromagnetic two-form FK-N = dAK-N. Obviously,
for q = 0 we obtain the Kerr metric.
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∗Y = a cos θ sin θ dθ ∧
[(
r2 + a2
)
dφ˜− a dv
]
+ r dr ∧
(
a sin2 θ dφ˜− dv
)
,
etc. Let us notice that the same procedure applied to equations (4.9)–(4.10) leads to
A¯ =
4ma cos θ
ρ2
dv − 4m cos θ (r
2 + a2)
ρ2
dφ˜
and
A¯′ =
(
4mr
ρ2
− 2
)
dv − 4mar sin
2 θ
ρ2
dφ˜ ,
which are not equal to A and A′ respectively. However, they are gauge equivalent and
describe respectively the same fields F (R, Y ) and F (R, ∗Y ).
We denote the conformal Killing tensors associated with Y and ∗Y by Kµν :=
Yµ
κYκν, K
′
µν := ∗Yµκ ∗Yκν and K ′′µν := 12 (Yµκ ∗Yκν + ∗YµκYκν). Theorem 3 implies
that K ′ and K ′′ are conformal Killing tensors and, moreover, K is a Killing tensor.
In Eddington–Finkelstein coordinates (with raised indices) they look as follows:
K = −a
2r2 sin2 θ
ρ2
∂v⊗ ∂v − r
2
ρ2
∂θ⊗ ∂θ − r
2
ρ2 sin2 θ
∂φ˜⊗ ∂φ˜ + a
2∆cos2 θ
ρ2
∂r⊗ ∂r
−2ar
2
ρ2
∂v⊗s∂φ˜ + 2a
2(r2 + a2) cos2 θ
ρ2
∂v⊗s∂r + 2a
3 cos2 θ
ρ2
∂r⊗s∂φ˜ , (4.13)
where a⊗s b := 12(a⊗ b+ b⊗ a),
K ′ = −a
4 sin2 θ cos2 θ
ρ2
∂v⊗ ∂v − a
2 cos2 θ
ρ2
∂θ⊗ ∂θ − a
2 cos2 θ
ρ2 sin2 θ
∂φ˜⊗ ∂φ˜ + r
2∆
ρ2
∂r⊗ ∂r
−2a
3 cos2 θ
ρ2
∂v⊗s∂φ˜ + 2r
2(r2 + a2)
ρ2
∂v⊗s∂r + 2ar
2
ρ2
∂r⊗s∂φ˜ (4.14)
and
K ′′ = −ar cos θ
ρ2
(
a2 sin2 θ ∂v⊗ ∂v + ∂θ⊗ ∂θ + 1
sin2 θ
∂φ˜⊗ ∂φ˜ +∆∂r⊗ ∂r
+2a∂v⊗s∂φ˜ + 2(r2 + a2)∂v⊗s∂r + 2a∂r⊗s∂φ˜
)
. (4.15)
In particular, the traces of our conformal Killing tensors are the following:
− trK = trK ′ = 2 (r2 − a2 cos2 θ) , trK ′′ = −4ar cos θ .
The Killing tensor Kµν given in (4.13) is the one which was found in [41] (see also [9],
[19], [34]). The constant of motion Kµνpµpν along geodesics, given by
gµνpµ∇ν p = 0 , (4.16)
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is called the Carter constant and it is indispensable for the full description of geodesics
in Kerr spacetime (cf. [10], [16], [17], [41]). In this context, our two conformal Killing
tensors13 K ′ and K ′′ produce similar constants of motion along null geodesics. More
precisely, (2.11) together with the geodesic equation (4.16) implies that for a null
covector p and for any conformal Killing tensor K we have
gµνpµ∇ν(Kµνpµpν) = 0 ,
i.e. Aµνpµpν is a constant of motion along null geodesics.
5 Conserved quantities bilinear in terms of spin-2
field
Let us start with the standard definition of the energy-momentum tensor for a Maxwell
field F :
T EMµν (F ) :=
1
8pi
(FµσFν
σ + F ∗µσF
∗
ν
σ) =
1
4pi
(
FµσFν
σ − 1
4
gµνFσρF
σρ
)
. (5.1)
The energy-momentum tensor T EMµν (F ) is symmetric, traceless and satisfies the follow-
ing positivity condition: for any non-spacelike future-directed vector fields X, Y we
have T EMµν (F )X
µY ν ≥ 0 . Straightforwardly from the definition we get
T EMµν (F ) = T
EM
µν (F
∗) . (5.2)
Moreover, if F is a Maxwell field then
∇µT EMµν (F ) = 0 , (5.3)
and if X is a conformal Killing vector field then the quantity
CQEM(X,Σ;F ) :=
∫
Σ
T EMµν X
µ dΣν
defines a global conserved quantity for the spacelike hypersurface Σ with the end at
spacelike infinity.
Let us restrict ourselves to the spacelike hyperplanes Σt := {x ∈ M : x0 = t =
const.}. We use the following convention for indices: (xµ) µ = 0, . . . , 3 are Cartesian
coordinates in Minkowski spacetime, x0 denotes a temporal coordinate and (xk) k =
1, 2, 3 are coordinates on the spacelike surface Σt. If the quantity CQ
EM(X,Σt) is
finite for t = 0 than it is constant in time. If we want to get a positive definite
integral CQEM , we have to restrict ourselves to the case of a non-spacelike field X .
We can choose time translation T0 or time-like conformal acceleration K0, where
Kµ := −2xµD + xσxσTµ (5.4)
is a set of four “pure” conformal Killing vector fields which should be added to the
eleven fields (3.17) and (3.20) to obtain the full 15-dimensional algebra of the confor-
mal group. This way we get
13Unlike the Killing tensor K they seem not to be available in the literature in explicit form.
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Theorem 7. There exist two conserved (time-independent) positive definite integrals
CQEM(T0,Σt;F ) and CQEM(K0,Σt;F ) for a field F satisfying the vacuum Maxwell
equations.
Proof. This is a simple consequence of (5.3) and the traceless property of T EM which
implies ∇µ (T EMµν Xν) = 0 for any conformal Killing vector field X .
Following [12], for the Bel–Robinson tensor defined as follows:
T BRµνκλ := WµρκσWν
ρ
λ
σ +W ∗µρκσW
∗
ν
ρ
λ
σ (5.5)
= WµρκσWν
ρ
λ
σ +WµρλσWν
ρ
κ
σ − 1
8
gµνgκλWαβγδW
αβγδ , (5.6)
where W is a spin-2 field, one can find a natural generalization of Theorem 7 which
is a consequence of the properties similar to (5.3). More precisely, T BRµνκλ is symmetric
and traceless in all pairs of indices. Moreover,
T BR(W ) = T BR(W ∗) ,
and if W is a spin-2 field than
∇µT BRµνλκ(W ) = 0 . (5.7)
If X, Y, Z are conformal Killing vector fields then the quantity
CQBR(X, Y, Z,Σt;W ) :=
∫
Σt
T BRµνλκX
µY νZλ dΣκ
defines a global charge at time t. The quantity T BR(X, Y, Z, T ) is non-negative for
any non-spacelike future-directed vector fields X, Y, Z, T whenever at most two of
the vector fields are distinct. From the above properties we obtain an extension of
Theorem 7 to the case of a spin-2 field W :
Theorem 8. There exist four conserved (time-independent) positive definite integrals
CQBR(T0, T0, T0,Σt;W ), CQBR(K0, T0, T0,Σt;W ), CQBR(K0,K0, T0,Σt;W ) and
CQBR(K0,K0,K0,Σt;W ) for the spin-2 field W satisfying field equations (3.7).
Proof. Similarly as in Theorem 7, from (5.7) and the traceless property of T BR we get
∇µ (T BRµνλκXκY νZλ) = 0 for any conformal Killing vector fields X, Y, Z.
In [28] a generalization of the above considerations led to the following functional:
Θ(X, V ;Q) :=
∫
V⊂Σ
T EMµν
(
F (W,Q)
)
Xµ dΣν (5.8)
and according to Theorem 3 in [28], the four conserved quantities CQBR are contained
in the functionals Θ.
In particular, the functional
Θ0 :=
∫
V
T EM
(T0, T0, F (W,D ∧ T0)) d3x (5.9)
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has a positive integrand which is a natural candidate for a certain “energy density”.
It contains only first (radial and time) derivatives of quasi-local variables describing
linearized gravity. The functional Θ0 is also very close to the reduced Hamiltonian
proposed in [27]. They are proportional to each other after spherical harmonic de-
composition (i.e. for each spherical mode).
6 Density of “spin energy” for rotating black hole
The ADM mass of the Kerr black hole (4.2) given by the quasi-local formula (4.8)
equals m. On the other hand, the irreducible mass of the horizon (see [11], [17]) is
defined by the quadratic relation to its two-dimensional area AH :
Mirr =
√
AH
16pi
=
1
2
√
r2+ + a
2 =
1
2
√
2mr+ .
The energy Mirr plays the role of a lower bound in Penrose inequality (cf. [8], [33])
and never decreases according to the second law of black hole physics (see e.g. [17]
or [23]). The difference between total ADM mass m and the irreducible mass Mirr is
often interpreted as rotational energy
Mrot := m−Mirr = m
(
1−
√
r+
2m
)
≈ a2/8m.
Contrary to Mirr the energy Mrot is accessible by reversible transformations like the
Penrose process [33] which takes place in the (ergo-)region14 between event horizon
and ergo-surface15.
The two-form (4.7), previously used in Section 4 to obtain the quasi-local mass,
may be also applied to the construction of a quadratic functional (5.9) denoted by
Θ0. Let us consider an auxiliary Maxwell field f which is a solution of the vacuum
Maxwell equations on the Kerr background and is given by
faux = F (R, ∗Y )/4m = 2a
2r sin θ cos θ
ρ4
dθ ∧ dt+ r
2 − a2 cos2 θ
ρ4
dt ∧ dr
+
2ar sin θ cos θ(r2 + a2)
ρ4
dφ ∧ dθ
+
a sin2 θ(r2 − a2 cos2 θ)
ρ4
dr ∧ dφ . (6.1)
The density of the energy built from f and corresponding to the integrand in the
functional Θ0 takes the following form
εEM(f) =
√−gT 00(f) =
√−g
8pi
(E2+B2) =
√
−g00
8pi
(
gklEkEl +
1
2
BklBmng
kmgln
)
,
14Usually called ergosphere which is completely misleading because it is not a sphere.
15It is given by the largest root of ∆(r) = a2 sin2 θ, usually called the stationary limit surface.
Moreover, the instantaneous ergo-surface is a two-dimensional manifold with spherical topology and
conical singularity on the axis (θ = 0, π) (cf. [32]).
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where the energy-momentum tensor T is given by (5.1), Ek = f0k and Bkl = fkl.
Formula (5.1) implies that the tensor f and its dual field
∗ faux := F (R, Y )/4m = a sin θ (r
2 − a2 cos2 θ)
ρ4
dt ∧ dθ + 2ar cos θ
ρ4
dt ∧ dr
+
sin θ (r2 + a2) (r2 − a2 cos2 θ)
ρ4
dθ ∧ dφ+
+
2a2r cos θ sin2 θ
ρ4
dr ∧ dφ (6.2)
give the same density εEM .
For faux given by (6.1) we get the following non-vanishing components:
Er =
r2 − a2 cos2 θ
ρ4
, Eθ = −2a
2r sin θ cos θ
ρ4
,
Brφ =
a sin2 θ(r2 − a2 cos2 θ)
ρ4
, Bθφ = −2ar sin θ cos θ(r
2 + a2)
ρ4
,
and finally
εEM(f) =
sin θ
8piρ2
(r2 + a2)2 + a2∆sin2 θ
(r2 + a2)2 − a2∆sin2 θ . (6.3)
Our aim is to show that the “spin energy density” coming from functional (5.9) is
just the rescaled density (6.3). For this purpose let us consider another Maxwell field
(proportional to f)
Frot = C(α)
a√
2
faux ,
where α := a/m and the rescaling function C(α) will be specified in the sequel.
Obviously (6.3) gives
εrot(F ) =
C2a2 sin θ
16piρ2
(r2 + a2)2 + a2∆sin2 θ
(r2 + a2)2 − a2∆sin2 θ . (6.4)
Integrating density εrot(F ) outside of the horizon we obtain a total “spin energy”:
Mrot = 2pi
∫ ∞
r+
dr
∫ pi
0
dθ εrot . (6.5)
Using in the integral (6.5) new variables y = r/m and x = cos θ it is easy to rewrite
it in the form
Mrot =
C2a2
8m
Ψ(α) ,
where
Ψ(α) :=
∫ ∞
1+
√
1−α2
dy
∫ 1
−1
dx
y2 + α2x2
(y2 + α2)2 + α2(y2 − 2y + α2)(1− x2)
(y2 + α2)2 − α2(y2 − 2y + α2)(1− x2) . (6.6)
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The “constant” C is defined by the relation which expresses a balance of the energy:
m = Mirr +Mrot . (6.7)
Hence
C2 =
8
(
1−
√
1+
√
1−α2
2
)
α2Ψ
. (6.8)
The integral (6.6), which is not elementary, may be easily approximated with the
help of symbolic software like Mathematica or Waterloo Maple and it gives as
follows
Ψ(α) = 1 +
α2
4
+
33α4
280
+
3059α6
43200
+
835171α8
17297280
+O(α9) ,
8
(
1−
√
1+
√
1−α2
2
)
α2
= 1 +
5α2
16
+
21α4
128
+
429α6
4096
+
2431α8
32768
+O(α10)
and
C = 1 +
α2
32
+
1061α4
71680
+
397907α6
44236800
+
245297388031α8
39675808972800
+O(α9) .
However, for α = 0 the integral (6.6) is elementary and gives Ψ(0) = 1 = C(0).
Formula (6.4) together with (6.8) defines uniquely the “spin energy density” coming
from (5.9) and compatible with (6.7).
A Conformal rescaling of CYK tensors
In this section we will be dealing with conformal transformations and their impact on
conformal Yano-Killing tensors. Since most of the considerations here are independent
on the dimension of a manifold, we will not restrict ourselves to spacetime of dimension
four. We assume that we are dealing with n-dimensional manifold and that this
manifold has a metric g (signature of g plays no role).
Let Γαµν denotes Christoffel symbols of Levi-Civita connection associated with the
metric g. We have:
Γαµν =
1
2
gαβ(gβµ,ν + gβν,µ − gµν,β). (A.1)
Let g˜ be conformally rescaled metric, i.e. g˜µν := Ω
2gµν (and what follows, g˜
µν :=
Ω−2gµν), where Ω is a certain positive function (Ω > 0). We will denote Christoffel
symbols of this metric by Γ˜αµν , and covariant derivative associated with them by ∇˜µ.
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Obviously, for g˜µν and Γ˜
α
µν we have
Γ˜αµν =
1
2
g˜αβ(g˜βµ,ν + g˜βν,µ − g˜µν,β)
=
1
2
Ω−2gαβ
(
(Ω2gβµ),ν) + (Ω
2gβν),µ + (Ω
2gµν),β
)
= Γαµν +
1
2
Ω−2gαβ
(
(Ω2),νgβµ + (Ω
2),µgβν + (Ω
2),βgµν
)
= Γαµν + g
αβ (U,νgβµ + U,µgβν + U,βgµν)
= Γαµν + δ
α
µU,ν + δ
α
νU,µ − gαβU,βgµν , (A.2)
which is analogous to (A.1). Here U := log Ω. Using the formula (A.2) and the
following identities:
∇µXνρ = Xνρ,µ −XαρΓανµ −XναΓαρµ , (A.3)
∇˜µXνρ = Xνρ,µ −XαρΓ˜ανµ −XναΓ˜αρµ (A.4)
(which are true for any tensor Xµν), we get:
∇˜µXνρ = ∇µXνρ −XµρU,ν −XνµU,ρ − 2XνρU,µ +
+ gαβU,β (Xαρgµν +Xναgµρ) . (A.5)
We will now prove the formula (2.9). Let us introduce the following notation:
Q˜µν = Ω
3Qµν , (A.6)
ξ˜ρ := g˜
µν∇˜µQ˜νρ . (A.7)
Using the formula (A.5), we can rewrite the formula (A.7) in the following form:
ξ˜ρ = g˜
µν∇µQ˜νρ − 3g˜µνQ˜µρU,ν + Ω−2gµνgαβU,β
(
Q˜αρgµν + Q˜ναgµρ
)
= g˜µν∇µQ˜νρ − 3g˜µνQ˜µρU,ν + g˜αβU,β
(
nQ˜αρ + Q˜ναδ
ν
ρ
)
= g˜µν∇µQ˜νρ + (n− 4)g˜µνQ˜µρU,ν
= Ω−2gµν∇µ(Ω3Qνρ) + (n− 4)ΩgµνQµρU,ν
= Ωgµν∇µQνρ + Ω−2gµν(Ω3),µQνρ + (n− 4)ΩgµνQµρU,ν
= Ω(ξρ + (n− 1)gµνQµρU,ν) , (A.8)
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where ξρ := g
µν∇µQνρ. The last equality in (A.8) is a result of the following identities:
Ω−2(Ω3),µ = 3Ω,µ = 3Ω(log Ω),µ = 3ΩU,µ. Using the formula (A.5) for Q˜ we get:
∇˜µQ˜νρ = Ω3
[
∇µQνρ +QνρU,µ −QνµU,ρ −QµρU,ν
+gαβU,β(gµνQαρ + gµρQνα)
]
(A.9)
and what follows:
∇˜µQ˜νρ + ∇˜ρQ˜νµ = Ω3
[
∇µQνρ +∇ρQνµ + gαβU,β(gµνQαρ +
+ gρνQαµ + 2gµρQνα)
]
. (A.10)
Formulae (2.1), (A.8) and (A.10) imply that
Qµνρ(Q˜, g˜) = ∇˜ρQ˜µν + ∇˜µQ˜ρν − 2
n− 1
(
g˜µρξ˜ν − g˜ν(µξ˜ρ)
)
= Ω3
[
∇ρQµν +∇µQρν − 2
n− 1
(
gµρξν − gν(µξρ)
)]
= Ω3Qµνρ(Q, g), (A.11)
which proves the formula (2.9).
B Integrability conditions for the CYK equation
For a manifold M equipped with metric tensor gµν and for any tensor field Qµν on M
the following equality holds
Qλκ;νµ −Qλκ;µν = QσκRσλνµ +QλσRσκνµ , (B.1)
where Rµνρσ is Riemann tensor of metric gµν . Obviously we assume that Q is skew-
symmetric which implies that
2ξµ;µ = Q
λκ
;λκ −Qλκ;κλ = 2QκσRσκ = 0. (B.2)
Changing the names of indices we write (B.1) three times:
Qλκ;νµ −Qλκ;µν = QσκRσλνµ +QλσRσκνµ ,
Qµκ;λν −Qµκ;νλ = QσκRσµλν +QµσRσκλν ,
Qνκ;µλ −Qνκ;λµ = QσκRσνµλ +QνσRσκµλ .
We add the first equation, subtract the second one and finally add the third equation.
Hence we obtain
Qλκ;νµ −Qλκ;µν −Qµκ;λν +Qµκ;νλ +Qνκ;µλ −Qνκ;λµ
= 2Qλκ;νµ − (Qλκ;µ +Qµκ;λ);ν + (Qµκ;ν +Qνκ;µ);λ − (Qνκ;λ +Qλκ;ν);µ
= QσλR
σ
κµν +QσµR
σ
κλν +QσνR
σ
κλµ + 2QσκR
σ
µνλ . (B.3)
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In the last equality we used the standard property of curvature tensor: Rσ [µνλ] = 0.
Definition (2.1) applied to the terms in brackets in the above formula implies
2Qλκ;νµ =
2
n− 1
(
gλµξκ;ν + gνλξκ;µ − gµνξκ;λ − gκ(λξµ);ν + gκ(µξν);λ − gκ(νξλ);µ
)
+QσλR
σ
κµν +QσµR
σ
κλν +QσνR
σ
κλµ + 2QσκR
σ
µνλ
+Qλκµ;ν −Qµκν;λ +Qνκλ;µ , (B.4)
where the covector ξµ = ∇λQλµ (cf. (2.6)). Hence for a CYK tensor Q we obtain
(2.14).
Contracting (B.4) with respect to indices µ and ν and using the basic properties
(2.2) of Q we get
Qλκ
;µ
µ+R
σ
κλµQ
µ
σ+QσκR
σ
λ+
2
n− 1ξ(κ;λ)+
1
n− 1gκλξ
µ
;µ = ∇µQµκλ−n− 4
n− 1ξκ;λ . (B.5)
Formulae (2.16) and (B.5) imply the following equation for a CYK tensor Q:
∇µ∇µQλκ = RσκλµQσµ − Rσ[κQλ]σ (B.6)
for dimM = 4. It is interesting to point out that for compact four-dimensional
Riemannian manifolds equation (B.6) is equivalent to Definition 1:
Theorem 9. Let M be a compact (without boundary) Riemannian manifold with
dimM = 4. Then a two-form Q is a CYK tensor iff
∇µ∇µQλκ = RσκλµQσµ +Rσ[λQκ]σ .
Proof. We need to show that equation (B.6) implies Qλκµ(Q, g) = 0.
Similarly to (2.16) we derive
2
3
ξ(µ;λ) +
1
3
gµλξ
ν
;ν −Rσ(µQλ)σ + 1
2
∇σQλσµ = 0 , 4ξµ;µ +∇σQνσµgµν = 0 ,
which together with (B.2) and (B.5) gives16
∇µ∇µQλκ +RσκλµQµσ +Rσ[κQλ]σ = ∇µQµκλ + 1
2
∇σQκσλ . (B.7)
Contracting the above equality with Q and assuming equation (B.6) we get
0 =
(
∇µQµκλ + 1
2
∇σQλσκ
)
Qκλ = ∇µ (QµκλQκλ)−Qµκλ∇µQκλ
= ∇µ (QµκλQκλ)+ 1
2
QλκµQλκµ . (B.8)
Finally, we integrate the above formula over M , a total divergence drops out, and the
integral
∫
M
√
det gQλκµQλκµ vanishes. This implies Qλκµ = 0.
A similar result holds for a p-form Q in 2p-dimensional M (see [38]).
16For a CYK tensor Q formula (B.7) obviously gives equation (B.6).
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B.1 Miscellaneous results
It is worth pointing out that equation (B.6) can be derived17 from a variational prin-
ciple δ
∫
M
L = 0, where L[Q] = 1
4
√
det gQλκµQλκµ(Q, g).
Equation (B.6) for Ricci flat metrics gives
2∇µ∇µQκλ = 2RσκλµQµσ = RκλσµQσµ = Fκλ(W,Q)
and, in particular, it is true for Q = Y in Kerr spacetime. Moreover,
1
4
Fµν(W,Y )Y
µν =
2mr
ρ2
=
2mr
r2 + a2 cos2 θ
= g(∂t, ∂t) + 1
gives a nice density in Boyer-Lindquist coordinates:
√−gFµν(W,Y )Y µν = 8mr sin θ .
A complex-valued function ζ := r + ı cos θ enables one to write some objects in
Kerr spacetime in a compact form like the Ernst potential E = 1−2m/ζ¯ or Newman–
Penrose scalar Ψ2 = −m/ζ¯3 (cf. [40]), where by ζ¯ we denote the complex conjugate
i.e. ζ¯ := r − ı cos θ. In this context in Eddington–Finkelstein coordinates we have
Y + ı ∗ Y = −ıζ dζ ∧ ( dv − a sin2 θ dφ˜) + ζ¯ζ2 sin θ dθ ∧ dφ˜ ,
K ′ + ıK ′′ =
ζ¯ − ζ
2ζ
(
a2 sin2 θ ∂v⊗ ∂v + ∂θ⊗ ∂θ + 1
sin2 θ
∂φ˜⊗ ∂φ˜ + 2a∂v⊗s∂φ˜
)
+
ζ¯ + ζ
2ζ
(
∆∂r⊗ ∂r + 2(r2 + a2)∂v⊗s∂r + 2a∂r⊗s∂φ˜
)
,
and, in particular, tr (K ′ + ıK ′′) = 2ζ¯2 = E−1
Ψ2
.
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